ALGEBRAIC TECHNIQUES

This chapter revises and extends the algebraic techniques that you will need for this course.
These include indices, algebraic expressions, expansion, factorisation, algebraic fractions and surds.
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IN THIS CHAPTER YOU WILL:

identify and use index rules including fractional and negative indices
simplify algebraic expressions

remove grouping symbols including perfect squares and the difference of 2 squares
factorise expressions including binomials and special factors

simplify algebraic fractions

use algebra fo substitute info formulas

simplify and use surds including rationalising the denominator




TERMINOLOGY

binomial: A mathematical expression consisting
of 2 terms; for example, x + 3 and 3x— 1
binomial product: The product of binomial
expressions; for example, (x + 3)(2x — 1)
expression: A mathematical statement involving
numbers, pronumerals and symbols; for
example, 2x — 3
factor: A whole number that divides exactly into
another number. For example, 4 is a factor of 28
factorise: To write an expression as a product
of its factors; that is, take out the highest
common factor in an expression and place the
rest in brackets. For example, 2y -8 =2(y - 4)
index: The power or exponent of a number.
For example, 2° has a base number of 2 and
an index of 3. The plural of index is indices

1.01 Index laws

power: The index or exponent of a number. For
example, 2° has a base number of 2 and a power of 3

root: A number that when multiplied by itself a
given number of times equals another number.
For example, J25 =5 because 52 =25

surd: A root that can’t be simplified; for
example, NE)

term: A part of an expression containing
pronumerals and/or numbers separated by an
operation such as +, —, X or +. For example,
in 2x — 3 the terms are 2x and 3

trinomial: An expression with 3 terms; for
example, 3x° — 2x + 1

An index (or power or exponent) of a number shows how many times a number is
multiplied by itself. A root of a number is the inverse of the power.

For example:

o F=4x4x4=064

o 2P=2x2x2x2x%x2=32
e /36 =6 since 6° =36

° %/§:25ince23:8

o §64 =2 since 2° =64

Note: In 42 the 4 is called the base number and
the 3 is called the index or power.

There are some general laws that simplify calculations with indices. These laws work for any
m and #, including fractions and negative numbers.

Index laws

aA"xad'=a"""

a’+d"=a"""
@y ="
(ab)" = a"b"
La _a”
b)) b
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Simplify:
643 o o4
a wxulwn b @Y ¢ Oxy"
P
Solution
G sl e e T2 b (2y4)3 =23(y4)3 c (y6)3§<y4 _ y18X5y4
— it = y y
I8+
— gy = -
y
14
P
_ 45
Exercise 1.01 Index laws
1 Evaluate without using a calculator: ;
a §$'x2° b 3*+¢ c (%)
d 27 e 16
2 Evaluate correct to 1 decimal place:
a 3.7 b 1.06" ¢ 23%
d 19 e 3348-12x43.1 R
3/0.99+5.61
3 Simplify:
a Oxdxd b yxy®xy ¢ a'xa?
1
d wxw? e f+ux f pep”
1
g h o) i)
Yy I
. | X
j Gy k ZAxd+d | [y—gJ
6.7 234 6. .7
m wxgw n px(gp) ° x.zx
w p x
2 x (B ()7 x(y*)’
atxp’ x ! xy4
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4 Simplify:

~

a »xi b s'xa® c m_3
m
23
d Bxib+p e s xa'xa’ f xS’
11
S 4 2 2
g 2L h 22F i Ga'ly
m” Xn P
. @
J i
5 Expand each expression and simplify where possible:
8 3
N5 a 4&l
a b |- c —
o 7) ()
2’V 3oy
d (7ﬂ5b)2 ( 4) f Xy (9‘3’ )
m Xy
84 12 6. 4\
(2k3)3 h (2y5)7xy_ a >:1ﬂ
(6k°) 8 a
3
5xy9
x® ><y3
6 FEvaluate #°h> whena=2 and b = %
32
7 Ifx:gandyzl, find the value of = ); .
3 9 xy
1, 1 1 o .
8 Ifs=—,b=-and c=—, evaluate +— as a fraction.
2 3 4 c
11,8
b
9 a Simplify 2.
plify s
A p? 2 5
b Hence evaluate ——— as a fraction when 2 == and b = =.
Ay 5
5 8 4
10 a  Simplify 2L
paqr
St 7 2 3
b Hence evaluate ~~—+— as a fraction when p=—, ¢ =~and r =~
g 8 3 4

| —

11 Evaluate (%) whena = (%)6

> b°

12 Evaluate 7
b

Whenﬂ=landb=g.
2 3
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4 .7

13 Evaluate xsys whenx=landy=E
X’y 3 9

K 1
14 Evaluate kj when £ = 0

at b’ 3 1
15 Evaluate 55 whena=—and b =—.
a’ (b°) 4 9
a®xb’ 1 3
16 Evaluate 5 asa fraction when 2 = — and b = —.
a’ xXb 9

1.02 Zero and negative indices

Zero and negative indices

=1
1
x'=—
xﬂ
0
. . be
a Simpli [ﬂ .
plify abc4J
b  Evaluate 27°.
¢ Write in index form:
. 1 . 3 | . 1
i — [T J— (11— iv —
x? x Sx x+1

d  Write 4 without the negative index.

Solution
0
a [abst _1 b 2‘3=i3
abc* 2
_1
8
1 ) o 3 1
c i =g i 2 =3x—
x? % %
=33

Review of
index laws
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i L_1.1 v L __ 1
5S¢ 5 o« x4+l (a+1D)!
|-
=3 =(x+1)"
|
d ;/3=—
pE

Exercise 1.02 Zero and negative indices

1 Evaluate as a fraction or whole number:

a 3° b 4! c 77 d
f ¢ g 2° h 3+ i
k 2°¢ 1 37 m 4° n
p 107 q 27 r 2°
2 Evaluate:
—4 -1
a 2° b %) c %) d
1" 3\ 1\
fE) el )
K [z)‘l . §)° m é)‘z n
7 9 7
1)? 2\ -1
e [ e (3 ey o

a Lz b 1 c i7 d
m x P
1 2 3

f — — h — i
2 9 o yz

k 2 | ié m i7 n
Tx 2m 3y

p 1 q 1 2
x=2 Sp+1) (4t -9)°

e 2%
i
o 5°
t 47
0
e [x+2y)
3x—y
175
i (5)
6 0
o JR—
(i)
t (1)
1)
1
A
.3
IS
1
(a+0b)°
_ 5
9(a+3b)
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4 Write without negative indices:

a b »° c
fo2x! g 3w’ h 5x7
k @+D% 1 G+2' m xk-3)7

) ()

1.03 Fractional indices

d »° e w

i Q7 j @
1 -5

n (Gx+2)° o (—J
X

|

) -7
¢ w—z
3x+y

-1
xX+Yy
=1

NN NN NN SS .
: :
3 INVESTIGATION :
. .
. .

.

FRACTIONAL INDICES

. Consider the following examples.

. 1 2 \/7 P
(xz) =« (by index laws) ( x) =

- 1)?
) SO(xz) = \/;)2
=x
1
x2=x
. Now simplify these expressions.
1 1y
1 (xz)5 2 i’ 3 (xE) 4
(o] :
6 &' 7 8 (+')* 9

. Use your results to complete:

Indices

Fractional
indices and
radicals

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo
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1
Power of n

Proof

1 n
[ﬂ;] =a (by index laws)
®lay'=a
Soalt = (’/;

a Evaluate:
1 1
i 492 i 273
b  Write W in index form.

1
¢ Write (#+5)7 without fractional indices.

Solution
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a Evaluate:

i 83 i 1253
b  Write in index form:
- o1
2
J(422-1)

3
¢ Write r 5 without the negative and fractional indices.
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Solution

4
a i 83:(%)4@&/8—4) ii

5
b i i¥=x? i

DID YOU KNOW?

Fractional indices

1
125 3=L1
1253
1
3125
_1
5
1 1
3 2 2
@27=D7 g2 _py3
2
=(4x?-1) 3

Nicole Oresme (1323-82) was the first mathematician to use fractional indices.

John Wallis (1616-1703) was the first person to explain the significance of zero, negative

and fractional indices. He also introduced the symbol e for infinity.

Research these mathematicians and find out more about their work and backgrounds.
You could use keywords such as indices and infinity as well as their names to find this

information.

Exercise 1.03 Fractional indices

1 Evaluate:
1 1
a 812 b 273
1 1
£ 10003 g 16*
1 1
k 81+ I 325
1 1
p 1287 q 256*
3 1
u 92 v 83

d 8§
1
i 643
1
n 1253
5
s 42
1
x 16+

e 492
7

1

o 3433
2
g3

2

y 64°
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2 Evaluate correct to 2 decimal places:
1

a 234 b %458 ¢ {1.24+43?
d 1 [r6-14 p 45.9x3.7

e
/12.9 1.5+3.7 8.79-14

3 Write without fractional or negative indices:
1 1 1 1 2

a b ¢ < a2 d ¢° e
3 2 hd 1L 1
fxt g b’ h 47 i x? j d?
! L L _3 3
k «38 I 3 m g * n z* o y’
1 1 1 1 2
p (2x+5)2 q (6g+7)} r (a+b)° s GBx-D2 t (x+7)°
4 Write in index form:
a r b iy ¢ i d o-« e Jis+l
1 1 1 1
f JGx+1)’ g h i j
J2+3 JGx—y) Y(x-2)? 2Jy+7
5 1 3
k | m —
Jr+4 3¢y -1 53(x?+2)°
5 Write in index form and simplify:
Jx x x?
a b — c — d — e ¥
ax " T T xx
6 Write without fractional or negative indices:
5 2
1 2 4 4 9
a (@-2)3 b ()-3)7 ¢ 46a+) 7 d DT o 6Gx+8) 7

3 7

DID YOU KNOW?
The beginnings of algebra

One of the earliest mathematicians to use algebra was Diophantus of Alexandria in
Greece. It is not known when he lived, but it is thought this may have been around
250 ck.

In Persia around 700-800 ct a mathematician named Muhammad ibn Musa
al-Khwarizmi wrote books on algebra and Hindu numerals. One of his books

was named A/-Fabr wa’l Mugabala, and the word algebra comes from the first word
in this title.
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1.04 Simplifying algebraic expressions

Simplify:
a  4a’ =34+ 647 b £-3x-5x+4 ¢ 3a—-4b-5a—-b

Solution

Only ‘like’ terms can be

2 2 2_ 2 2
a 4dx—3x" +6x" =x" 4+ 6x added or subtracted.

=T7x°
b «-3x-5Sxr+4=x'-8x+4 ¢ 3a-4b-Sa-b=3a-5a—4b-1b
=-2a-5b
Simplify:
3
a —Sxx3yx2x b Sa_bz
154b
Solution
a  —Sxx3yx2x=-30xyx b 5a3b _1 s-1y-2
= —30x%y 15a0° 3
=lﬂ2b—1
3
_
3b
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Exercise 1.04 Simplifying algebraic expressions

1 Simplify:
a 92-6a
d 2r-5r
g 2a-2a
j Sw-—w+3w
m 8h—-h-7h
P Ox-5y-y
s 2ab* —Sab’* - 3al’
v ab+2b—3ab+8b
X -7 +a -2 +1
2 Simplify:
a 5x2b
d -3z2x2w
g 8abx6e
i 3
m  54%bx 2ab
p 4nx-2i
s Tmx-2m’
3 Simplify:
a 30x=+5
2
d 8a”
a
g 12 =4y
. —9x’
] 3at
m P
4 pgs
$2p°4*
p L1
7pq
s —Satylz+ 152827

X g T2 3 ~/5 00

= 0o 3 A>T 0 T

52 -4z
—4y + 3y

—4k+ 7k

4m — 3m — 2m
3b—5b+4b+9b
8a+b—4b—"7Ta
m’ = Sm—m + 12

ab + bc— ab — ac + be

- A

o
r
U

4b - b

—2x —3x
3t+4t+2t
x+3x—Sx
—Sx+3x—x—Tx
xy + 2y + 3xy
pPP=Tp+5p—6

& = 3xy’ + 4ty — 'y + vy + 2

2x x4y

—Sax=3b

4d x 3d

@y

Tpq’ X 3p’¢°

Bpx p?

—2x% X 32’y x —4uy?

2y+y

s
2a

34°h°
6ab

—15ab + -5b
l4ed” + 2154
5475472 + 20a°573 7!

9@ + 184710

= = A

T 0

Spx2p
XX 2y X7z
3ax4axa
2ab® x 3a
Sab x ab

(-36)*

84’

Xy
2x
20x
15xy

2ab
6a°b’
20y%5
4x°y’z

2(41‘5 )2 B
447 (b*)!
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1.05 Expansion

When we remove grouping symbols we say that we are expanding an expression.
Expand

algebroic
expressions

Expanding expressions

To expand an expression, use the distributive law:

alb+c)=ab+ ac

EXAMPLE 7
Expand and simplify:
a S5A@E+3ab-0) b 5-2(+3) c 20-5-@F+1)
Solution
a SAP@+3ab—0) =544 X4+ 54> X 3ab— 54" x ¢
=204* + 154°b - 5d°¢
b 5-2(+3)=5-2xy-2x3
=5-2y-6
=-2y—1
¢ 20-5-G+1)=2xb+2x-5-1xb—-1x1
=2b-10-b-1
=b-11

Exercise 1.05 Expansion
Expand and simplify each expression.

12(x-4) 2 3Q2h+3) 3 5@-2)

4 x(2y+3) 5 x(x-2) 6 24(3a - 80)

7 abQa+b) 8 Sn(n—4 9 3xly(xy +2))
10 3+4(k+1) 11 2:-7)-3 12 y(4y +3)+8y
13 9-5(+3) 14 3-Qx-5) 15 53 -2m)+7(m—2)
16 2(h+4)+32h-9) 17 3Qd-3)-(5d-3) 18 4Qa+1)—(* +3a-4)
19 xGr—4)-5@+1) 20 24b3 —a) - b(4a—1) 21 S5x—(x-2)-3
22 8-4Q2y+1)+y 23 (a+b)—(a—-1b) 24 2G3t-4)-(@+1)+3
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1.06 Binomial products

A binomial expression consists of 2 terms; for example, x + 3.

oooooo

A set of 2 binomial expressions multiplied together is called a binomial product; for products
example, (x + 3)(x — 2).

Each term in the first bracket is multiplied by each term in the second bracket.

Binomial product
A
(%)=x2 + b + ax + ab

EXAMPLE 8
Expand and simplify:
a (p+3)g-9 b (+5) ¢ (@+dHQx-3y-1)
Solution
a ﬂ@):pq-4p+3q-1z b (a+5)2=(afs_@)
=& +5a+5a+25
=4’ + 102 +25
e <
¢ G R0r—3y—T)=28—ay—x+8x—12y—4
=2x"—3ay+7x—12y—4
Exercise 1.06 Binomial products
Expand and simplify:
1 (a+5@+2) 2 (x+3)w-1) 3 2y-3)@y+5) 4 (m—4m-2)
5 (x+4)(x+3) 6 (y+2)(y-5) 7 Qx-3)x+2) 8 (h-7)h-3)
9 x+5x-5 10 Ga—-4)Ba-1) 11 2y+3)4y-3) 12 -4y +7)
13 (P +3)(x-2) 14 (n+2)(n-2) 15 Qv +3)2x-3) 16 4-7y)(@+7y)
17 (a+2b)a—-2b) 18 Gr-4)Gr+4) 19 (x+3)x-3) 20 (y— 6)(y +6)

21 Ga+1)Ga-1) 22 2z-7)2z+7) 23 (x+9)(x-2y+2)

24 (h-3)Q2u+2b-1) 25 (x+2)@’-2x+4) 26 (@-3)d" +3a+9)

27 (a+9) 28 (k-4 29 (x+2)° 30 (y-7)
31 (2x+3) 32 2t-1)7 33 (Ga+4b)’ 34 (v -5y
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35 (2u+b) 36 (1-b)a+1b) 37 (a+0b) 38 (v-0b)’
39 u+b)d*—ab+V) B8O (a—b)d +ab+ V)

1.07 Special products

Some binomial products have special results and can be simplified quickly using their special
expressions properties. Did you notice some of these in Exercise 1.06?

Difference of two squares
(a+b)(a-b)=d -

Special
binomial
products

Perfect squares
(a+b)° =d* +2ab+ 1

(-0 =d* = 2ab+ 1

Expand and simplify:

a (Qx-3) b Gy-490Gy+4

Solution

a (Qx—37=Qx)7—2Q2x)3 + 32 b Gy-43y+4) =03y’ -4
=4o? — 12¢+9 =9’ - 16

Exercise 1.07 Special products

Expand and simplify:

1 (t+4) 2 (z-6) 3 @-1)Y

4 (y+8) 5 (q+3) 6 (k-7)

7 (n+1) 8 (2b+5) 9 (3-ux)

10 3y-1)° 11 (x+y) 12 Ga-1b)

13 (4d + 5e)’ 14 (t+4Hr-4) 15 (x-3)(x+3)
16 (p+1)(p-1) 17 (r+6)(r—6) 18 (x—10)(x + 10)
19 24+3)Q2a-3) 20 (x-5))(x+5y) 21 (4a+1)da-1)
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22 (7-3x)(7 +3%) 23 (P +2)’*-2) 24 (¥’ +5)

2
25 (3ab - 4c)(Bab + 4c) 26 (x+£) 27 (ﬂ—l)(ﬂ+lJ
X a a
28 [x+(-Dlx-(y-2)] 29 [(@a+b)+c’ 30 [(x+1)—y)
31 t+3°-@-3) 32 16-GE-HDz+9 33 2x+QGx+17-4
34 (x+y))’ -xQ2-y) 35 Gn-3)@n+3)-20"+5 36 (-4’
2 2
37 (x—l) —(l) +2 38 (P +y)’ -4ty 39 (24+5)°
X X

1.08 Factorisation

Factors divide exactly into an equal or larger number or term, without leaving a remainder.
Factorisin
dlgebrate
expressions

Factorising

To factorise an expression, we use the distributive law in the opposite way from when we
expand brackets.

ax + bx = x(a + b)

Factorise:
a 3x+12 b -2 ¢ -2
d  5(x+3)+2yx+3) e 84K -2ap’
Solution
a The highest common factor is 3. 30+ 12=3(x+4)
b  The highest common factor is y. Y =2y=y(y-2)
¢ xand a” are both common factors. =2t =t (x-2)
"Take out the highest common factor,
which is x°.
d  The highest common factor is x + 3. S +3)+2y(x+3)=(x+3)(5 +2y)
e The highest common factor is 2ab’. 8’0 — 2ab’® = 2ab*(4d® - b)
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Exercise 1.08 Factorisation

Factorise:

1 2y+6 2
4 8yx+2 5
7 w'-3m 8
10 4 +ab 11
13 8x’z — 2x° 14
16 3/ -24 17
19 x(m+5)+7(m+5) 20
22 6x(a—2)+5(-2) 23

24 43x—-2)+2b(Bx—2)—3c(3x—2)

26 3ps - 64
29 35u’nt = 25w’n

32 (x-3 +50x-3)

27
30

Sx—10

24— 18y

2" +4y

4oty — 2uy

6ab + 3a - 24

56 +150°

20-D -y -1
22t +1)—y2t+1)

1540 + 3ab

244%0 + 16ab’

33 Y+4)+2x+4)

12
15
18
21

25
28
31
34

3m—9

X+ 2

154 - 34°

3mn’ + 9mn

5a% = 2w + xy

6a’’ =34’V

47 +y)—3x(7 +y)

61 + 9x”
4o’ — 24°
21 + 2mrh

aa+1) - (a+ 1)

1.09 Factorisation by grouping in pairs

Factorising by grouping in pairs

If an expression has 4 terms, it can sometimes be factorised in pairs.

Factorise:

a ¥-2x+3x-6

Solution

a ¥-2x+3x-6=x(x-2)+3(x-2) b
=@-2)x+3)

ax +bx +ay + by =x(a + b) + y(a + b)

=(@+b)(x+y)

b 2x—4+6y-3xy

20—4+6y—3xy=2(x—2)+3y2 —x)

=2(x—2)-3y(x-2)
=(x—-2)(2-3y)

MATHS IN FOCUS 11. Mathematics Advanced
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Exercise 1.09 Factorisation by grouping in pairs

Factorise:

1 2x+8+bx+4b 2 wy-3a+by-3b 3 & +5x+2x+10
4 ' -2m+3m—6 5 ad—ac+bd-be 6 2 +x°+3x+3
7 S5ab-3b+10a—6 8 2wy—a'+2y —ay 9 wmy+a+y+1

10 &’ +5v—x-35 11 y+3+ay+3a 12 m-2+4y-2my
13 227 + 100y - 32y — 15y 14 &b+ ab’ —4a —41° 15 Sx—a'—3x+15
16 »*+7x —4x 28 17 7x—21-xy+3y 18 4d+12—de-3e
19 3x— 12 +xy -4y 20 24+6-ab-3b 21 ' -3x"+6x-18
22 pg-3p+q- -3¢ 23 3x' — 64" — 5w+ 10 24 44— 12b+ac - 3bc
25 xy+7x—4y-28 26 ot —4x’ - 5x+20 27 4x° —62° +8x— 12
28 34°+ 94+ 6ab + 18b 29 5y—15+10xy - 30x 30 wl+2mr-3r-6

1.10 Factorising trinomials

A trinomial is an expression with 3 terms; for example, x> — 4x + 3. Factorising a trinomial
. . . Factorisi
usually gives a binomial product. quachatc

expressions

We know that: (v + a)(x + b) = &* + bx + ax + ab

=x" + (a + b)x + ab

Factorising trinomials
& + (@ + b)x + ab = (x + a)(x + b)

Find values for # and 4 so that the sum # + 4 is the middle term and the product 44 is the
last term.

EXAMPLE 12

Factorise:

a wm-5m+6
b y2+y—2

ISBN 9780170413152 1. Algebraic techniques @



Solution

a a+b=-5andab=6
"To have a4 + b = -5, at least one number must be negative.
To have ab = 6, both numbers have the same sign. So both are negative.
For ab = 6: we could have —6 x (=1) or =3 x (-2)
-3+ (-2)=-5soa=-3and b=-2.
So m* — Sm + 6= (m - 3)(m - 2)
Check: (m—3)m —2)=m’ = 2m —3m + 6

=m’ —Sm+6

b s+b=1andab=-2

To have ab = -2, the numbers must have opposite signs. So one is positive and one is
negative.

For ab =-2: we could have -2 x 1 or -1 x 2

—-1+2=1soa=-1andb=2.

Soy’+y-2=(y-D(y+2)

Check: (y = 1)(y +2)=y* + 2y —y -2
=y2+y—2

Exercise 1.10 Factorising trinomials

Factorise:

1 &% +4x+3 2 Y +7y+12 3 wm+2m+1
4 7 +8t+16 5 2*+2-6 6 & -5x-6
7 v -8v+15 8 ~-6t+9 9 &' +9x-10
10 »* - 10y +21 11w’ —9m+18 12 ' +9y-36
13 »° - 5x-24 14 2/ —4u+4 15 &%+ 14x-32
16 ' -5y -36 17 »*—10n+24 18 %~ 10x+25
19 »*+8p-9 20 K -7k+10 21 F+x-12
22 ' —6m -7 23 4 +12¢+20 24 4’-4d-5
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1.11 Further trinomials
When the coefficient of the first term is not 1,
2
for example Sx” = 13x + 6, we need to The coefficient of the first term is the number in
use a different method to factorise the front of the x2.
trinomial.

This method still involves finding 2 numbers that give a required sum and product but it also
involves grouping in pairs.

Factorise:

a 5x-13x+6
b 4+4-3

Solution

a  First, multiply the coefficient of the first term by the last term: 5 x 6 = 30.

Now a + b =-13 and ab = 30.
Since the sum is negative and the product is positive, # and » must be both negative.
2 numbers with product 30 and sum —13 are —10 and -3.

Now write the trinomial with the middle term split into 2 terms —10x and —3x,
and then factorise by grouping in pairs.

5S¢ — 13x+6=5¢>—10x—3x+6
=5x(x—2)—-3@x-2)

If you factorise correctly, you should always find
a common factor remaining, such as (x — 2) here.

= -2)(5x-3)

b  First, multiply the coefficient of the first term by the last term: 4(-3) =-12
Now a+b=4and ab=-12.

Since the product is negative, # and b have opposite signs (one positive and one
negative).

2 numbers with product —12 and sum 4 are 6 and 2.

Now write the trinomial with the middle term split into 2 terms 6y and —2y, and
then factorise by grouping in pairs.

Factorising
quadratic
expressions

(Advanced)

Excel
worksheet:
Factorising

trinomials

Excel
spreadsheet:
Factorising
trinomials
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4y +4y-3 =47 +6y—-2y-3

=2y2y+3)- 12y +3)

=@y +3)2y -1

There are other ways of factorising these trinomials. Your teacher may show you

some of these.

Exercise 1.11 Further trinomials

Factorise:

1 24 +11a+5 59+ 7y +2 3 3+ 10x+7
4 3" +8x+4 20"~ 5b+3 6 7x'—9x+2

7 3y +5y-2 267 + 1+ 12 9 p+13p-6
10 6%+ 13x+5 11 2y -1ly-6 12 1027 +3x—1
13 8/ —141+3 14 6% —x—12 15 67 +47y-8
16 4’ —11n+6 17 8/ +18t-5 18 124°+23¢+10
19 47 +11r-3 20 40’ —4x-15 21 67 -13y+2
22 6’ -5p-6 23 8x’ +31x+21 24 120 -43b+36
25 6x* —53x -9 26 9x* +30x+25 27 16y°+24y+9
28 25k* - 20k+4 29 364" -12a+1 30 49’ + 84m + 36

1.12 Perfect squares

You have looked at expanding (z + b)* = a* + 2ab + b* and (a — b)* = a* — 2ab + .
These are called perfect squares.

When factorising, use these results the other way around.

Factorise:

a £ -8x+16 b 44 +20a+25

Solution

a -8r+16=2"-2@)x+4’ b 44> +20a+25=Q2a) +2Qa)(5) + 5°

=(x—4)2 =(2ﬂ+5)2

MATHS IN FOCUS 11. Mathematics Advanced
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Exercise 1.12 Perfect squares

Factorise:
1/ -2y+1 2 +6x+9 3 w+10m+25
4 7 41+4 5 &' —12x+36 6 4x'+12x+9
7 166° -8b+1 8 9/ +12a+4 9 254" —40x+16
10 49y° + 14y + 1 11 9 —30y+25 12 16k —24k+9
13 254% + 10x + 1 14 814°-36a+4 15 49%° + 84m + 36
16 241+ 17 21 18 Qf+§l+l—

4 39 5025

2 1 2 4

19 v +2+— 20 25k°-20+—

x k
1.13 Difference of two squares
Difference of two squares

=V =@+b)a-1b)

Factorise:
a &£-36 b 1-9 ¢ @+3Y’-@0-17
Solution

a 4&-36=d4-6
=(d+ 6)(d - 6)
b 1-9%°=1"-(@3b’
=(1+3b)1-3b)
¢ @+3’-0-1=[@+3)+G-Dl[@@+3)-@E-1)]

=(@+3+b-1)a+3-5b+1)
=(@+b+2)a-b+4)
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Exercise 1.13 Difference of two squares

Factorise:

1 /-4

4 25

7 1-47°
10 9 - 164
13 44% - 90
16 (x+2) —y*

19 xz—l
4

22 -1

11
14
17

20
23

¥ -9

4a? — 49

257 -1

x —4y2

& — 100y
(@=17-@-2y

2
J

9
9x° — 4y?

1.14 Mixed factorisation

Factorising
o m
g 2
Factorise S5x” — 45.

Solution

Using simple factors:

The difference of 2 squares:

3 y-1

6 16y'-9

9 9’4

12 3627 -

15 44’ - 814

18 2 —(1+w)

21 (x+2°-Qy+1)

24 ' -16)"

Sa? —45 =5(x* - 9)

Exercise 1.14 Mixed factorisation

Factorise:
1 44° - 364
4 5/ -5
7 9ab - 42’
10 »'(y+5)— 16(y + 5)
13 -3 - 10x
16 24 -61°

11
14
17

24* - 18

54> =104 +5
x3—x

x4 8 — a? — 8«

= 3a> = 9x+27

184 +33x - 30

=50 +3)(x-3)

3 3pP-3p-36
6 32’ +272 + 60z
9 6x°+8xr—38
12 -4

15 4u’y’ —y

18 34’ —6x+3
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19 &’ + 247 - 25x-50 20 2’ +62°+92 21 3y’ +30y+75
22 4’ —9a 23 4k + 40k + 100k 24 32 +9x7—3x-9

25 44°b + 840 — 4ab® — 24°b

1.15 Simplifying algebraic fractions

EXAMPLE 17

Simplify:
4x +2 p 2x —3w-2
3
2 x -4
Solution
a 4x+2 2(2x+1) b  Factorise both top and bottom.
2 2 207 —3x—2_ Qu+1)(x-2)
=2t P-4 (x-2)(x+2)
_2x+1
)
Exercise 1.15 Simplifying algebraic fractions
Simplify:
1 5a+10 2 6t-3 3 8y+2
5 3 6
2 —
a 8 5 Zx— 6 2y74
4d-2 Sx® =2 y —=8y+16
a2 2, 4_
7 Zﬂl; 4a 8 sz+x 2 9 b2 1
a”—3a sT+5s+6 b -1
2 _ 2 _ _
10 2p~+7p-15 1 zﬂ 1 12 3(x 2)2+y(x 2)
6p-9 a”+2a-3 x =4
3,22 0 2 A, _ _
13 © +32x 9x-27 14 2p 23p 2 15 Y ax+by—bx
x"+6x+9 2p°+p 2ay—by—2ax+bx
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1.16 Operations with algebraic fractions

?|gebraic
ractions
EXAMPLE 18

Simplify:
x=1_x+3 2a°b+10ab  a® -25 2 1 2 1
_— + c + d —-
5 4 -9 4b+12 x—=5 x+2 x+1 ¥’ -1
Solution
- x—l_x+3=4(x—l)—5(x+3)
5 4 20
_ 4x—4-5x-15
- 20
_ =w=19
20

24’0 +10ab 4’ =25 _22°h+10ah  4b+12
-9  4b+12 -9 =25
_ 2ab(a+5)  4(b+3)
(b+3)(b-3) " (a+5)(a-5)
B 8ab
 (a=5)6-3)

2 . 1 =2(x+2)+1(x—5)
x=5 x+2 (x=5)(x+2)
_ 2=
T (x=5)(x+2)
B 3x—1
T (x=5)(x+2)

C

d 2 1 2 1
x+l x2—1 x+1 (x+D(x-1)

o 2Ax-1) 1
T (e D=1 (x+D)(x=1)
_ 2x—2 1
T+ D(x=1) (x+D)(x—-1)
_ 2x-2-1
T (x4 D(x-1)
B 2¢-3
S (x+1)(x—=1)
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Exercise 1.16 Operations with algebraic fractions

1 Simplify:
a X3 p 2t 2 at2_a
2 4 5 3 34
d L=3,r%2 e Y3 x-l
6 2 3
2 Simplify:
346 10 a’ -4 Sb
a X b
5 x+2 3 a+2
2 +3t-10 _5¢-10 20-6_ Sx+10
c S+ d X
xy 2xy 2x+4 4
o 2
e S +10—xy 2y+7x+14 f 3 xb +2b
15 3 b+2 6a-3
3ab*  12ab—6a h ax—ay+bx—by  x*y+xy’
9 Sav 22 2 2_ 2 X
y  xty+2xy x =y ab®+a”b
x2—6x+9;x2—5x+6 ) P-4 ><5q-i—5
¥ 225 xtdx-s b 241 3p+6
3 Simplify:
a 3_{_1 b L__ C 1+i
x x x—=1 w a+b
x? 1 11
- e p—qg+— f ——
x+2 ptq x+1 x-3
2 3 L
9 i w2 a*+2a+1 a+l
4 Simplify:
2 2 2
- - —y-2
a a“—Sa +3ﬂz 15 y —y b 3 +2320+8xx + 3
y —4y+4  y -4 Say x=3 x°-9 4x-16
b ¥ b ' -8x+15 x'-9 x’+5x+6
2+6 B +b-6 b+l S¢?+10x 10 2x-10
5 Simplify:
5 3 2 2 3 a b 1
a 2 4 0 2 + 2 ot 22
x*—4 x-2 x+2 P Hpg pg—q a+b a-b a7 -b
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1.17 Substitution

Algebra is used for writing general formulas or rules, and we substitute numbers into these
formulas to solve a problem.

a  V=mw’his the formula for finding the volume of a cylinder with radius » and height /.
Find V (correct to 1 decimal place) when »=2.1 and /2 =8.7.

b IfF= % + 32 is the formula for converting degrees Celsius (°C) into degrees

Fahrenheit (°F), find ¥ when C = 25.

Solution
a When r=2.1,h=8.7,
V=nrh
=n(2.1)%(8.7)
=120.533...
=120.5
b When C=25,
F= E +32
5
_22) L3
5
=77 This means that 25°C is the same as 77°F.

Exercise 1.17 Substitution

1 Given 2 =3.1and b=-2.3 find, correct to 1 decimal place:
a b b 3 c 54 d
e a+b)’ f Ju-b g -V

2 For the formula T=a+ (n — 1)d, find T when s =—4,n =18 and d = 3.
3 Given y =mx + ¢, the equation of a straight line, find y if = =3,x=-2 and c =-1.
4 TIf =100z — 57 is the height of a particle at time 7, find / when 7= 5.

5 Given vertical velocity v = —g#, find v when g = 9.8 and # = 20.
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6 Ify=2"+3 is the equation of a function, find y when x = 1.3, correct to 1 decimal place.

7 S=2mr(r+ h) is the formula for the surface area of a cylinder. Find S when »= 5 and
h =7, correct to the nearest whole number.

8 A=mis the area of a circle with radius 7. Find A when 7 = 9.5, correct to 3 significant
figures.

9 For the formulaw=a""', finduifa=35,r=-2 and n = 4.

10 Given V= % Ibh is the volume formula for a rectangular pyramid, find Vif/=4.7,b=5.1

and h=6.5.
11 The gradient of a straight line is given by 7 = L22N Find m if xy=3,x,=-1,y,=-2
and y, = 5. AR

12 If4= %h(ﬂ + b) gives the area of a trapezium, find A when /=7,2=2.5 and b =3.9.

13 V= %mf} is the volume formula for a sphere with radius 7.

Find V'to 1 decimal place for a sphere with radius 7 = 7.6.

14 The velocity of an object at time # is given by the formula v =z + ar.

Findehenuzl,ﬂzéandtz—.
4 6

5

15 Given S= IL’ find Sifa=5andr= % S is the sum to infinity of a geometric series.

16 c¢=/a*+b*,according to Pythagoras’ theorem. Find the value of ¢ if = 6 and b = 8.
17 Given y = /16—« is the equation of a semicircle, find the exact value of y when x = 2.
18 Find the value of E in the energy equation E = if m = 8.3 and ¢ = 1.7.

19 A=P (l+ﬁ) is the formula for finding compound interest. Find A correct to

2 decimal places when P=200,7=12 and n =5.

a(r" —1)

r—

20 IfS=

is the sum of a geometric series, find Sifa=3,7r=2andn =35.
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1.18 Simplifying surds
An irrational number is a number that cannot be written as a ratio or fraction.
Surds such as v/2, /3 and /5 are special types of irrational numbers.

If a question involving surds asks for an exact answer, then leave it as a surd.

Properties of surds
Naxlb =lab
Ja _ [a
N
(\/;)2=\/x_2=xforx20

a  Express+/45 in simplest surd form.
b Simplify 3v40.
¢ Write5y2 asa single surd.

Solution

a  J45=ox5 b 3440 =3x/4 x+/10 ¢ 5V2=\25x42
NG =3%2x+/10 =50
=3x5 =610
=35

Shutterstock com/SonThosh \/orghese
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Exercise 1.18 Simplifying surds

1 Express these surds in simplest surd form:

a J2 b
f 200 g
k Jii2 I
p 108 q
2 Simplify:
a 227 b
f 45 g
3 Write as a single surd:
a 32 b
f 4410 g
4 FEvaluate x if:
a =35 b
f V=783 g

J63 c 24
J48 h V75
V300 m 128
J99 r 125
5480 ¢ 498

2\/§ C 4\/ﬁ
W13 h 742

2W3=Jx ¢ 3i=x
419=Jr h Jx=6J23

1.19 Operations with surds

EXAMPLE 21
Simplify v/3 —+/12.

Solution

First, change into like surds.

NEENIVENEENIBNG
=3-23
=B

J50 e
V32 i
243 o
2428 e
7440 j
82 e
143 j
5vV2=x e
5V31=x

820
845

53
1247

NN
Jr =815

Multiplication and division, as in algebra, are easier to do than adding and subtracting.
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Simplify: ,
yNIT 10
a 4\/5)(5\/@ b m C [ ?J
Solution
2
a  4/2x5J18=20436 b 214 _2xV7 c [EJ _
20%6 N 3 3
=120 7 3L
2 3
Expand and simplify:
a 37(2B3-3V2) b (V2+3J/5)\3-2) ¢ (S5+2B3)5-243)
Solution
a 3723 -3v2)=3VT x 23 -3 x32
=621-9\14
b (V24353 -V2)=v2x\3-V2x2+34/5x3-35x2
=6 -2+315-3.10
¢ Using the difference of 2 squares: 5 +23)5 - Zﬁ):(\/g)z —(Zﬁ)z
=5-4x3
=—7

Exercise 1.19 Operations with surds
1 Simplify:

a J5+25 b 32-242 c B3+5%3

d 73-43 e f5-445 f 466

g V2-82 h 5+405435 i V2-22-32
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i S k
m J12-27 n
p 2818 q
s 4J48+3J147+512
N N
2 Simplify:
a J7x\3 b
d 5J7x2V2 e
g —4/5x311 h
i Jexi2 k
m 3><\/§><\/5 n
3 Simplify:
412 12,18
° ® %
. 10430 p 202
5V10 6320
.0 A
J8 NI
Ji5 7Y
T
4 FExpand and simplify:
a V2(V5+43) b
d ﬁ(Sﬁ—Zﬁ) e
g —3x/§(ﬁ+4ﬁ) h
j 2\/5(\/§+\/§) k
m 10\/§(ﬁ—2\/ﬁ) n

V842
J50-+/32
354 +2424
3WV2+8-412

Vx5
33x242
N
(v2)

237 x=Af5

5
1072

42
9 /5

50
58

()

o

V3(2V2-45)
—3(v2-446)
S5 (V5 -543)
~42(V2-3V6)
—V2(V5+2)

— - == a

- -- n

J3+4/48
J28+63

V90 -5/40 - 2410
V632850

V2x33

5BBx23
23x5412

(2v7)
V2xJ6 %33

16V2
212

3
3J15

15418
10410

+3(V3+245)
(5V11+347)
J3(V12+10)
=745 (-3420+243)
23(2-412)
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5 Expand and simplify:

a (V2+3)(V5+343) b (VS-V2)(V2-v7) e (V2+53)(25-3V2)
d (3/10-25)(4V2+6v6)e  (25-742)(\5-3v2) £ (V5+6v2)(3V5-53)

g (VI+B)V7-\3)  h (V2-B)(V2+B) i (V6+342)(V6-342)

i (3B+V2)35-42) ko (VB-VE)(WB4E) 1 (V24943)(V2-943)

m (2J11+5V2)(2J11-5V2) n (5+2)

o (22-43) P (32+7) a (23+345)
ro(V7- zﬁ) s (2J§—3ﬁ)2 t (35+242)

6 1f 1 =32, simplify:
a 7 b 2/ c Qa)
d @+1)’ e @+3)a-3)

7 Evaluate 7 and b if:
a (25+1)=asvb b (22-5)(V2-345)=a+5V10
8 FExpand and simplify:
o ()il b ()
9 Evaluate (247 —v3)(247 +43).
10 Simplify (2v +/y )(Va=3,y).
11 If(zﬁ—ﬁ) =4—lb, evaluate 2 and b,

12 Evaluate #z and b if(7\/§—3)2 =a+b\2.
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1.20 Rationalising the denominator

Rationalising the denominator of a fractional surd means writing it with a rational number

. . L . 3
(not a surd) in the denominator. For example, after rationalising the denominator —

becomes %

Rationalising
the
denominator

NS

"1o rationalise the denominator, multiply top and bottom by the same surd as in the denominator: Surds

Rationalising the denominator

aNb

b

ﬂX
Jb

Sls

. ) ) 2
Rationalise the denominator of ——.

5\3

Solution
2 3 23
NN
213
T5x3
213
15

When there is a binomial denominator, we use the difference of 2 squares to rationalise it.

Rationalising a binomial denominator

Je—d

"To rationalise the denominator of multiply by

b
Je+rfd’
Je+ld

To rationalise the denominator of

, multiply by

b
Je—d

Je-d'
Je+d’
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a  Write with a rational denominator:

5 . 2
J2-3 BB+42
. 33
b Evaluate zand b if —— —=4+/b.
B3-2
2 5 L . .
¢ Evaluate + as a fraction with rational denominator.
NCES N

Solution

a i ﬁxﬁ+3_ﬁ(\/§+3)
v2-3 ﬁ+3_(ﬁ)2_3z
10435

- 2-9

V104345

7

23+45 B-4v7_(23+35)(3-42)
Frele Bt () (2]

_ 2x3-8J6+15-44/10

3-16x2
_6-8J6+/15-4410

-29
_—6+8J6 /15 +410
- 29

MATHS IN FOCUS 11. Mathematics Advanced ISBN 9780170413152



33 eI 3B(B+V2)
V-2 V32 (3-42)(V3+42)
__3\9+3V6
(V3) ~(v2)
=3><3+3£
3-2

9436
1

=9+36
:9+\/§ng
=9+54

Soa2=9and b= 54.

2 5 2(V3-e5(V3+2)
e 2 (BB
234415425
e
_ 23-4+V15+245
3-4

_ 2B3-4+/15+245
-1

=-23+4-15-25

Exercise 1.20 Rationalising the denominator

1 Express with a rational denominator:

o« L b . 20
J7 W2 J5
1+2 J6-5 J5+242

° 5 Fr S 5
8+32 . 4B3-22
45 J 75

67

4 5
3W2-4

NG

ISBN 9780170413152

1. Algebraic techniques



2 Express with a rational denominator:

a + b —\B 72\5
B+2 V2-7 J5+246
d -4 o V2+5 3WV3+42
S3+4 NERNG) 254342
3 Express as a single fraction with a rational denominator:
1,1 b V2 3
V2+1 V2-1 ﬁ_ﬁ \/3+\/§
C t+%wheret=\/_—2 d zz—izwherez=1+\/§
2z
e Y213 1 g B2
V2B V243 3
52 I
9 o2 53 443 4-3
N YN
NESNGRN I
4 Tind sz and 4 if:
3 _a p 3 _ave ¢ 2 —uriis
N 42 b J5+1
NG J2+3
=a+b7 e =a++b
N a+b7 51 a
5 Show that %+% is rational.
6 Ifx=1/3 +2,simplify:
2
a xit b x2+i2 c [x+l)
x x x
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For Questions 1 to 8, select the correct answer A, B, C or D.

1 Rationalise the denominator of % (there may be more than one answer). Practice quiz
a p A ¢ v b
28 28 14 7
-3 x+l1
2 Simplify 2> - X
implify : 7
A —(x+7) B x+7 C x+17 D —(x+17)
20 20 20 20
3 Factorise &’ — 4x” — x + 4 (there may be more than one answer).
A -Dx-4 B (+1)x-9
C Yx-9 D (w—-Hx+1x-1)
4 Simplify 332 +2/98.
A 52 B 5J10 C 172 D 1042
. . 3 2 1
5 Simpl + - )
implify ¥r—4 x=2 x+2
x+5 x+1 c x+9 D x—73
(x+2)(x—2) (x+2)(x—-2) (x+2)(x=2) (x+2)(x—-2)
6 Simplify Sab —24a* — 7ab - 34’
A 2+’ B —2ub-54 C -134b D -24b+54
.. 80
7 Simpl =,
implify / =
45 B O ¢ 8 p &
33 93 93 33
8 Expand and simplify 3x — 2y).
A 3 - 12xy — Zyz B 9 - 12xy — 4y2
C 3.- 6y + 2)/2 D 9- 12xy + 4y2
9 Evaluate as a fraction:
a 7° b 5! c 9?2
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10 Simplify:

St 77 6
a Pxa+x b () c & 3 b d [ZL
a’ b 3
11 Evaluate:
1 2
a 36?2 b 47 asfraction c 8}
1 1
d 49 2asafraction e 16* f (3
12 Simplify:
LY b (') ¢ Sxp
783 .2
d 179)4 e %
Xy
13 Write in index form:
a Jn b is c ! d #x+l
x x+y
2 1 3[4 9
f ; g ? h &8 1 7 (5.%' +3)
14 Write without fractional or negative indices:
1 1
a ° b »* ¢ (x+1)2 d —y)_1
1 _1 3 4
f (a+d)s g «3 h 5 i (2x043)3
2,4 9 2
15 Evaluate 476" when a2 = 55 and b = lg.
1 3 . :
16 Ifa= 3 and b = 0 evaluate #b’ as a fraction.
17 Write in index form:
1 1
a Jx b — ¢ §x+3 d
y g 253"
18 Write without the negative index: o
a «° b Qu+57" c E%)
19 Simplify:
a Sy-7y b 3";12 2k X 3R d

e 4u-3b-a-5b £ 8+32 g 3V5-v20+45

+p?

) 1
[—
4 7713
e “-7"
3
i o«
3y7
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20 Factorise:

a »-36 b Z+24-3 c  4ab’ —8ab
d 5y-15+xy-3«x e 4n-2p+6
21 Expand and simplify:
a b+3(k-2) b (Qx-1x+3) ¢ Sm+3)-(m-2)
d  (4x-3) e (-50p+53) f 7-20+4-5a
g ﬁ(zﬁ—s) h (3+ﬁ)(ﬁ—z)
22 Simplify:
44-12 106 Sm+10  m’—4
X b o
58 47-9 mt—m—2 3m+3

23 The volume of a cube is V= 5*. Evaluate J/ when s = 5.4.
24 a Expand and simplify (2\/§+\/§)(2\/§—\/§)

33
25443

b Rationalise the denominator of

. . 3 1 2
25 Simpl + — .
implify x=2 x+3 x’4+x-6

26 Ifu=4,b=-3 and c = -2, find the value of:

a a’ b a-i c Ja d &)’ e Qu+3b)
27 Simplify:
W12 b 432
6415 y NG

28 The formula for the distance an object falls is given by d = 5. Find d when 7= 1.5.

29 Rationalise the denominator of:

2 b It V3
5\3 V2
30 Expand and simplify:
a (A b ()
31 Factorise fully:
a 3x°-27 b 6x*—12x-18 c 57 —30y+45
32 Simplify:
3aty b 5
9y’ 1525
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33 Simplify:

a (3/10) b (243)
34 Expand and simplify:

a @+ba-1b b (+05)
35 Factorise:

a & -2ab+V b /-V

36 Ifx=+/3 +1,simplify x + 1 and give your answer with a rational denominator.
x

37 Simplify:
a 3.3 p Y3 x-2
a b 2
.3 2
38 Simplify —— - ——
P fyJ§+z 22-1
39 Simplify:
a 38 b -2/2x43 c
3
e Sux-3bx-2a § "
6mn’

40 Expand and simplify:
a 22(V3+2)

4 (HEFIRF) e ()

41 Rationalise the denominator of:

a b V2 ¢ 2
NG 5\3 NG
42 Simplify
3x x-—2 a+2 2a-3
a —- b —=
5 2 7 3
S S e VB 5
E+2k-3 k+3 L2+ B-2
43 Evaluate 7 if:

a J108-V12=vn b
d i@ +3T=n

47—
zm+@=@

(1]

V108 —+/48

g 3x-2y—-x-y

, writing your answer with a rational denominator.

86

2,18

b (5v7-3V5)(2v2-V3) ¢ (3+42)(3-+2)

12 5+\2
W2+43 45-33
1 2
c —_—
xz—l x+1

¢ 2V8+4200=Vn
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2
1 Write 64 3 as a rational number.

2 Show that 2Q2¢ — 1)+ 2¢*1=2Q**1 - 1).
N 2
3 Find the value of% in index form if 7 = [z) b= L_l) and ¢ = (é) )
bc 5 3 5
4 Expand and simplify:
a  4ab(a-2b) - 24°(b - 3a) b (2-2)0’+2) ¢ Qx-5)

5 Find the value of x + y with rational denominator if ¥ =+/3 + 1 and y =

NE]
76 —[54

7 Tactorise:

25 =31
6 Simplify

a @+ +50+4) b x'—2Yy-67’ ¢ Fb-245-4b+38
. .. 2xy+2x0—6-6y
8 Slm ll ——————"""5
plity 4x?-16x+12

3
9 Simplify (ﬂjli .
at-

2
10 Factorise —z—ﬂ—z.

x° b
11 a Expand Qx - 1)°.

2 f—
b Hence, or otherwise, simplify i el

8x° — 1247 +6x—1

12 If V= mh is the volume of a cylinder, find the exact value of 7 when V=9 and / = 16.
13 Ifs=u+ % at’, find the exact value of s when =2, 2 =+/3 and t = 2./3.

14 Expand and simplify, and write in index form:

o (] ERGIED
o 1 2 o | 2
c Lp+ﬁJ d L\/;+ﬁ)

372 2 3 4
15 Findthevalueofﬂ[; ifﬂZ(%),bZE%) andcz(%).
¢
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